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Abstract 

The paper studies weak Paley- Wiener properties for group exten- 
sions by use of Mackey's theory. The main theorem estabhshes suffi- 
cient conditions on the dual action to ensure that the group has the 
weak Paley- Wiener property. The theorem applies to yield the weak 
Paley- Wiener property for large classes of simply connected, connected 
solvable Lie groups (including exponential Lie groups) , but also criteria 
for non-unimodular groups or motion groups. 

Introduction 

The weak Paley- Wiener property (wPW) can be formulated as follows: Let 
G be a second countable, type I locally compact group, and define 

L^(G) = {/ : G — > C : / measurable, bounded and compactly supported} . 

Then G has wPW if 

Vv9 G L'^iG) Vr C G : f/|r = and uaiT) > ^ / = o) (1) 



where / denotes the operator- valued Fourier transform on L^(G), and the 
measure i^q on G is the Plancherel measure of G. 

The statement originated from real Fourier analysis. The fact that M 
has wPW follows easily from the observation that the Fourier transform 
of a compactly supported function is analytic. An even simpler argument 
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works for Z; Fourier transforms of elements of L^(Z) are trigonometric 
polynomials. On the other hand, the circle group T does not have wPW, 
for obvious reasons. wPW has been proved for various (unimodular, type 
I) groups, in particular connected, simply connected nilpotent Lie groups 
pn [THl ini lEl Q ; with generalisations to completey solvable groups ^Uj . 

The property can be viewed as an uncertainty principle: If / is compactly 
supported, / is spread over all of G. It is interesting to compare wPW 
to the so-called qualitative uncertainty property (Q.U.P.) studied in 
dUEllI], stating for ah / G L^{G) that 

/iG(supp(/)) + i^g(supp(/)) < oo ^ / = , (2) 

where fic is left Haar measure, is Plancherel measure and supp denotes 
the measure-theoretic support (unique up to a null set). By contrast to 
wPW, this property is obviously not invariant under choice of equivalent 
Plancherel measures, but rather rests on a canonical choice (which is avail- 
able for unimodular groups). 

Throughout this paper G denotes a type I locally compact group and N 
a closed normal subgroup of type I, which is in addition regularly embedded. 
All groups are assumed to be second countable. The aim is to give sufficient 
criteria that G has wPW, in terms of analogous properties of N and the 
little fixed groups. 

The paper is structured as follows: We first give a review of the Mackey 
machine and its uses for the computation of Plancherel measure via tech- 
niques due to Kleppner and Lipsman. We then present explicit formulas 
for the induced representations arising in the construction of G, and for the 
associated representations of L^(G), which act via certain operator- valued 
integral kernels. These formulas will allow to prove the main result of this 
paper. Theorem |21 essentially by repeated application of Fubini's theorem. 
In the final section we apply Theorem [21 to prove wPW for a large class 
of simply connected, connected solvable Lie groups (Theorem I14|). thereby 
considerably generalising the previously published results for nilpotent and 
completely solvable groups given in ^1 1^1 El ^ ^1 . Further conse- 
quences are criteria for nonunimodular groups (Corollary (HI), and a charac- 
terisation of wPW for motion groups (Theorem]^. 

1 Plancherel measure of group extensions 

We follow the exposition in For further details and notation not ex- 

plained here, the reader is referred to this monograph. Throughout the 
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paper we assume that G is a type I group, and that iV < G is a regularly 
embedded, type I normal subgroup. Left Haar measure on a locally com- 
pact group is denoted by | • |, and integration against left Haar measure by 
Jq ■ dx. Given a multiplier lo on G, denotes the (equivalence classes of) 
irreducible unitary a;-representations; u is omitted when it is trivial. aJ is 
the multiplier obtained by complex conjugation. A multiplier uj is called 
type I if all ^-representations generate type I von Neumann algebras. 

Since we are also dealing with nontrivial Mackey-obstructions, we need 
to recall a multiplier version of the Plancherel theorem. Given a multiplier 
UJ on G, we denote by Xg,(^ the a;-representation of G, acting on L^(G) via 

AG,a;(a;)/(j/) = . 

If oj is type I, there exists a Plancherel measure (unique up to equivalence) 

vCuj on G^ decomposing \g,uj-, 

Acu; - / dim(7r) ■ tt duG,oj{Tr) 
The associated Fourier transform is given by 

: 1}{G) 3f^ W)),^G^ . 

UJ is omitted whenever it is trivial. 

For completeness, we mention the construction of the Plancherel trans- 
form associated to the Plancherel measure. In the unimodular case, the 
measure ug can be chosen so that for / € L^(G) H L^(G) the operator field 
J^uiif) is in fact a field of Hilbert-Schmidt operators satisfying 

[j^M)MsdM^) = \\f\\l , 

Jg 

and the Fourier transform extends by density to a unitary equivalence be- 
tween L^(G) and the direct integral of Hilbert-Schmidt spaces. The nonuni- 
modular setting requires right multiplication of J^uiif) with a field of un- 
bounded, densely defined selfadjoint operators with densely defined inverse. 
In particular, it docs not matter whether we formulate wPW with reference 
to operator-valued Fourier- or Plancherel transform, though the first one is 
obviously simpler. 

Mackey's theory rests on the dual action of G on N. We assume that N 
is regularly embedded, i.e., the orbit space N/G is countably separated. For 
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7 € let denote the fixed group under the dual action. Now Mackey's 
theory provides G as the disjoint union 

U {Indg^7'®p:pGG;7iv"'} . 
G.-f&N/G 

Here w-j, denotes the multiplier associated to 7, and 7' denotes a fixed choice 

of an (^^-representation of on extending 7. Finally, p £ G^/N ^ is 
identified with its "lift" to G-y. In the following, we use the notation 

7rG.7,P = Indg^ (7' «) p) 

Note that under our assumptions, it follows from a theorem due to Mackey 
that all (G^/A^,LJ^) are type I (see e.g. ^1 Chapter III, Theorem 4]). Thus 
we have description of G as a "fibred set", with base space N /G and fibre 

{Indg^y ®p:p^ G^Jn'^''] ^ G^'^" 

associated to G.7. Moreover, there exist Plancherel measures on as well 

as on G^/N ^. Now vq is obtained by taking the projective Plancherel 
measures in the fibres, and "glueing" them together using a pseudo-image V 
of VN on A^, i.e. the quotient measure of a finite measure equivalent to v^. 
In formulas, up to equivalence uq is given according to ^1 I, 10.2] by 

dvG{T^Gn,p) = dy^-jj^—{p)d^{G.-i) . (3) 

But V also enters in a measure decomposition of v^: There exists quasi- 
invariant measures pG.-y on the orbits G.7 G N /G such that 

duN{iT) = dp.G.'y{iT)dU{G.-f) . (4) 

In view of the "fibrewise" description of G it is useful to generalise the wPW 
notion to multipliers: 

Definition 1 Let G be a locally compact group and a; a type I multiplier 
on G. Then G has cj-wPW, if for every nonzero / € L^(G), J-'uif) does not 
vanish on a set of positive w-Plancherel measure. □ 

Now we have collected enough terminology to formulate the main result of 
this paper. 
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Theorem 2 Let G he type I, N <\ G a type I regularly embedded normal 
subgroup, with the additional property that for almost ^ £ N, G/G^y carries 
an invariant measure. 

(a) Assume that, for almost all 7 G G^/N has ZJ^-wPW. Moreover 
assume that the following condition holds: 

and un{T) > ^ / = o) . 

(5) 

(b) Conversely, if G has wPW, then ^ holds. 

The existence of invariant measures on G/G^ is ensured if G/N is abehan 
or compact. Note that relation © holds in particular when N has wPW. 

2 Proof of Theorem [2] 

The proof uses ideas and techniques very similar to those in [T^. It rests 
on the interplay of several measure decompositions: Of Haar measure on G 
along shifts of subgroups on the group side, and of the Plancherel measures 
ug and vn according to (jHl) and Q). 

For explicit calculations it is convenient to realize induced representa- 
tions Ind^cT on h^{G/ H;T-Lfj). Then the integrated representation acts on 
this space via operator-valued kernels. The proof of Theorem |21 uses explicit 
formulas for these kernels, and their relationship to Fourier transforms of 
restrictions of (p to cosets mod N. In the following, the restriction of a map 
/ to a subset Y of its domain is denoted by /|y. /|y = is to be understood 
in the sense of vanishing almost everywhere (with respect to a measure that 
is clear from the context). 

First let us recall a few basic results concerning cross-sections, quasi- 
invariant measures and measure decompositions, li H < G, then a cross- 
section Q : G/H ^ G is a measurable mapping fulfilling a{£^)H = ^, for all 
^ = gH G G/H. A cross-section G/H ^ G is called regular if images of 
compact subsets are relatively compact. All cross-sections in this paper are 
assumed to be regular, which is justified by the following lemma. 

Lemma 3 If G is second countable and H < G closed, there exists a regular 
cross-section. 



V99 E L-(G) 
V G - invariant T C N 

Then G has wPW. 
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Proof. Denote by g : G — > G/H the quotient map. By 16, Lemma 1.1] 
there exists a Borel set C of representatives mod such that in addition 
for aW. K <Z G compact the set G H q~^{q{K)) is relatively compact. 

The associated cross-section is constructed by observing that q\c '■ C ^ 
G/H is bijective. Then q\c is a measurable bijection between standard 
Borel spaces, hence the inverse map a is also Borel, and it is a cross-section. 
Moreover, given any compact K C G/H^ there exists a compact subset 
KqCK with q{KQ) = K % Lemma 2.46]. Then a{K) = C n q-^{q{Ko)) is 
relatively compact. □ 

Given a cross-section, we may parametrise G by the map 

H X G/H 3 {h,C) ^ haiCy^ . (6) 

This particular choice of parametrisation seems a bit peculiar, since it refers 
to right cosets rather than left ones. Its benefit will become apparent in the 
proof of Lemma El 

Let us first take a closer look at the form that left Haar measure on G 
takes in the parametrisation 0. We assume that G/H carries an invariant 
measure, denoted in the following by d^. 

Lemma 4 For all f £ L^(G), 

fix)dx= [ I fihaiC)-')AGia{0)-'dhdC • 
G J G/H JH 

Proof. 



/ f{x)dx = [ f{x-^)AG{x~^)dx 
JG JG 



IG JG 

f{h-'^x-^)AG{h-^x'^)dhd{xH) 



G/H JH 

f{h-'aiO-')AGih-'aiO-')dxd^ 

G/H JH 

f{ha{i)-^)AG{ha{i)-^)AH{h-^)dhdi 



G/H JH 

[ f{ha{C)-')AG{a{Oy'dhdC , 

G/H JH 

where we used Weil's integral formula and Ah = Ag\h- ^ 
Next we note a few technical details concerning the behaviour of restric- 
tions of an L^-function to shifts of subgroups. For this purpose one further 
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piece of notation is necessary: The left- and right translation operators on 
G, denoted by Rx,Ly, act via 

(LyRMg) = fiyg^) ■ 

Lemma 5 Let ip € L^(G) and H < G; let a : G/H ^ G be a cross-section 
mapping compact sets to relatively compact sets. Consider the mapping 

C:G/HxG/H^R , (^,0 ^ II (i^a(0^a(^')-i</') kill 
where \\ ■ ||i denotes the L^-norm on H . 

(a) Given a compact set K C G/H , the set 

ii' e G/H : C(e, O + for some ^ G K} 
is relatively compact. 

(b) G is bounded on compact subsets of G/H x G/H. 

Proof. For part (a) note that (L^^^-ji^^.j-^/'j-iy?) \h is not identically zero iff 
H n a(^)~^(supp((^))a(^') ^ 0. Solving for a(^') we obtain the necessary 
condition 

a{0 e {snpp{ip))-^a{K)H 

or, equivalently 

C' G {{supp{ip)r'a{K)H) /H . 

By assumption on a, a{K) is relatively compact, hence (a) is shown. 

For part (6), it is enough to obtain an upper estimate for the Haar 
measure of supp((LQ(-^)i?Q(-^/^-i(^) \h), and to consider compact sets of the 
form Ki X K2. Here we see that 

supp((La(0^a(e)-i'*^) 1^^)) C n a(0"^supp((/?)a(^') 

and the latter set is relatively compact. □ 
Now we can compute the action of the induced representation. 

Lemma 6 Let G be a locally compact group, H < G closed and a a repre- 
sentation of H acting on a separable Hilbert space Ha- Let a : G/H G 
be a Borel cross-section and assume that there exists an invariant measure 
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on G/H. We realise vr = Ind^o" on the corresponding vector-valued space 
L^{G/ H;7ia) using a. Then tt acts via 

<x)f{0 = cj {a{ir^xa{x-^0) /(^"'O ■ (7) 
For if € L^(G), 7r((/?) acts via 

[<^)f]{o= [ mafim' (8) 

Jg/h 

where the right hand side converges in the weak sense for all ^ G G/H , and 
$ is an operator-valued integral kernel given by 

H(,a = 'y \h) ■ ^GiaiO)-' ■ (9) 

Moreover, we have the equivalence 

Tr{(p) = 0^ $(^, = (a.e.) (10) 

Proof. Formula ((T)) is well-known. For weak convergence of the right- 
hand side of © let ?? € Ha, and compute 

\{a ((L„(5)i2„(5,)-i(^) 1^^) Ag(q(0)"V(C'),^)| dC' < 

G/H 

< [ ||c7((L,(5)i?„(e)-i¥.) \H)\\^AG{a{^'))-' 11/(011 M di' 
Jg/h 



< 



||(L,(5)i?„(e)-iV') \H\\^^G{a{Or^ ll/(OlK ll'?! 
G/H 



By Lemma 121 (a) the map 

^ ||(L„(^)i?„(^,)-i^) |H||,AG(a(^'))"' 

is compactly supported, and also bounded, by Lemma 151(b) and bounded- 
ness of o a on the support. Hence the map is square-integrable, and 
an application of the Cauchy-Schwarz inequality finishes the proof of weak 
convergence. 

For the integrated transform, let /, g G \j^{G/H\Ha)- Then, by ((7|, the 
weak definition of 7r((/?) yields 

{'^{f)f,9) = 

[ ^{x) {a {a{0-'xa{x-'0) fix''0,9i0) dxd^ 
G/H JG 
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G/H JG 

f f 

G/H JG 

' / , 

G/H J G/H JH 



ip{a{i)x) {a (xa((a(C)x)-^e)) f{x-'H),g{^)) dxdi (11) 

V.(a(0/ia(e')-')AG(«(C'))-' 
<y{h)f{e),g{0)dhdi'di . (12) 



Here ()11[) was obtained by a left translation in the integration variable x. 
(|12p used Lemma 01 as well as the calculations 

and 

ha{i')-^a{{a{i)ha{Cr^r^O = /ia(^')"^a(tt(?')^"^"(0"^6 

= h . 

Using the definition of weak integrals, we may continue from (|12|) to obtain 

{■JT{(p)f,g) = 

G/H J G/H 



J G/H \ Jg/H I 



hence the pointwise definition Q indeed coincides with 7r((/3). 

Now the direction "<^=" of 1)10(1 is immediate. For the other direction 
assume that <^ does not vanish almost everywhere. Pick an ONB {rjiji^i of 
7^o-; since Ti^ is separable, / is countable. Since 

^(e,0 = O^Vi,j G/: (<i>(e,0??*,^i) = 

there exists a pair (i,i) and a set A C G/H x G/H of positive measure such 
that 

for all (^, G A. By passing to a smaller set we may assume that in 
addition A C G/ H x K for a compact K C G/H (observing that G/H is 
(T-compact). 
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Now define the auxiliary operator T : L^(X) L^(^) by 
Tlien T is an integral operator with kernel 

which by construction is nonzero. By Lemma [S] this kernel is bounded and 
compactly supported, hence in L^{G/H x G/H). But for this space the 
map from kernel to integral operator is a unitary operator onto the space of 
Hilbert-Schmidt operators on L'^{G/H); in particular the map is one-to-one. 
Hence T 7^ 0, which implies ct((/?) 7^ 0. □ 
Proof of Theorem |2J Let (p € LJf (G) be given with 7r{(p) = for vr in a 
set of positive Plancherel measure. Then, by ©, there exists a G-invariant 

subset r C of positive Plancherel measure and subsets i?G.7 C G^/N 
(7 G r) with 

'^G^/N,Lj:^{BG.'y) > and TTG.y,a{(p) = 0, for ah a G Be.-/. 

Now fix 7 G r. Our aim is to relate the equation TTc.'y^aif) = for 

(T in a set of positive projective Plancherel measure in G^/N ~' to certain 
Fourier transforms, using the integral kernel calculus. For this purpose we 
use Borel cross-sections a : G/Gy — > G and : G^/N ^ G^. In the 
following calculations, all quotients carry invariant measures. We also need 
the continuous homomorphism 6 : G ^ ■) defined by picking B C N 
positive finite measure and letting 6{x) = ^^l^Li^ ■ 

By Lemma IHl T^G.'y,a{f) has the operator- valued kernel 

ii'iy) ® ^(y)) v{a{Oya{a-')dy Adaie))-' 

7' {n^{h)-^) (^a{h)-^) <f{a{On^{h)-^a{C')-^) 
A^imy'dndh AciaiOr' 

Gj/N \JN 

®a{h-^)dh AG(a(e'))"^ 

IG-,/N 



G^/N J N 
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where 

Fu'ih) = 

JN 

= SHO) f iH^r'riaiO) ^{naiOm''o^iO'')dno^'{^){h)-')AG,imy' 

JN 

= <5(a(0)[(«(0-7)((^a«KW-ia(e)-i</')k)]o7'(^(/i)-')AG,(^?(/i))-^ . (13) 

Here it is important to note that for fixed the operator- valued function 

F^^^i has compact support: A short calculation establishes that 

only if /i G a(^')~^(supp(99))^"'^a(^)^"'^A^ =: Kq, and Kq is a compact subset 
of G/N D G^/N. Moreover, for h e Kq 

l|5(a(e))(a(o-7) {{Raiom-'cii')-'^) \n) oj'im-')^G-,imr'\\^ 

< ^{<^{0) II {Ra{0'&{h)-^a{^')-i'P) kill ^G-y{'&{h)y'^ 

< 5{a{0)M\oo\Nnsnpp{^)a{OHKo)a{0-'\AG,{mr^ ■ 

The middle term is the measure of a fixed relatively compact subset of A'^, 
by regularity of ??, and the last term is bounded on the compact support. 
Hence the map h 1-^ lloo is in L^(G^/A). 

Now, for fixed 7 € T and a G Bq.j, relation (fTU)) and Ag > imply that 

/ F^^^>{h) (g) a{h-^)dh = (14) 
Jgj/n 

for almost every {C,^,'), where the set of these {(,,£,') ™ay depend on a. 
However, an application of Fubini's Theorem provides a conull subset of 
C C G/G^ X G/G^, such that (UH) holds for all (C,f) G C and ah a in a 
conull subset of -60.71 possibly depending on (^,^')- Now fix (^,^') G C, as 
weh as ONE'S (r/i)ig/ C H^, C Ha- It follows that 

= [ {F^,^,{h)rji,r,k){(3j,a{h)-^Pe)dh 
Jg^/n 

= {a{^^,k)Pj,f3i) , 
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where we used that dh is left Haar measure on G^/N, and the scalar- valued 
function ^'j ^ given by 

^i,k{h) = {r]i,F^^^:{h)rjk) , satisfying < ||F^^^/(/i)||oo||r?|| ||??' II • 

In particular ^'j ^ € h'^{G^/N). Thus we are finally in a position to use the 
assumption that G^/N has uJ^-wPW, yielding for all k that ^i^k = on a 
joint conull subset. But this clearly entails = almost everywhere. 

Since obviously 

= <^ (a(0-7) [{Ra{0^{h)-^a{ii')'i'f) \n) = 

our considerations so far have established for fixed 7 S F, that for almost 
aU h) G G/G^ X G/G^ x G^/N 

Now choose a measurable cross-section A : G/N — > G. By definition of 
the Borel structure on N , the map 

NxG/N3 (7, s) ^ II7 ((iiA(.)-iV') liv) IL 

is Borel. Moreover, for a fixed ^ G G/G-y, the set 

{a(Oi?(/i)-^a(e')"^ : /i € G^/iV,^' G G/G^} 

is a set of representatives of G/N, since is normal. In particular, for 
every s G G/N there exists G G/G^ x G^/iV such that 7VA(s)~^ = 

7Va(0??(/i)"^a(^')~^- Hence A{s)-^ = na(0^?(/^)"^a(C')~^ for suitable n G 
A^. Thus (|15() implies that for fixed 7 G F and almost all ^ G G/G-y the set 

{s G G/N : ||(a(0.7) ( (i?A(.)-iV') k)|L = 

has a complement of measure zero. 

On the other hand, ^ 1— > a(^).7 yields a bijection between G/G^ and 
G.7, and the image of the invariant measure on G/G^ is equivalent to the 
measure fic."/ appearing in Q). Summarising, we obtain that 



= / / / \\j {{R^(^,)-i(p)\n) Woo ds diJG.^il) dU{G.j) 
Jr/N Jg-j Jg/n 

b {{RAisy-'V) \n) \\oodm(.l)ds . 



G/N Jr 
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Here the second equation uses the measure decomposition and Fubini's 
Theorem. But the latter integral implies for almost all s G G/N, that 
{{Ra{s)-^^) \n) = on the G-invariant subset F C A^. Since [R^g^-np) \n G 
LJf (A^), an appeal to assumption © yields (-Ra(s)-i¥') Itv = for almost 
every coset s. Hence (p = 0, which finishes the proof of (a). 

For the proof of (6), assume that ipo € L^(A^) \ {0} is a counterexample 
to ((SJ, i.e. there exists a G- invariant F C of positive measure such that 
Iff) vanishes on F. Let K C G/N be some compact set of positive measure, 
and let A : G/N — G be a cross-section. Then 

cp{nA{s)~'^) = ^o{n)xKis) 

defines a nonzero if E L^(G). Let S = {vr € G : (^(7r) = 0}. We intend 

to show TTG.-y^a S 5] for all 7 S F and all a € G.7 . By equation this 
amounts to proving 

where a, -d are cross-sections associated to G-y/N and G/Gy. Now for n N, 

{Ra{0^ih)--^aii;')--^f) \N{n) = (p{na{0'&{hy^a{S.'y^) 

= (p{nn' A{s)~^) 
= ipo{nn')xKis) 

where s = a{£,')'&{h)a{S,)^^ N and n' £ N is suitably chosen, and indepen- 
dent of n. Since a(.^).7 G S, it follows that 

("(6-7) {{Ra(0^ih)--^aii;')--^f) \n) = Xk{s) (a(0-7) (<y5o) o ("(O-T) ("-') = 
Hence we can compute 

Jn/gJcj/n ' 

> i i^G,/N,^iG:jN'^'') du{G.^) 
Jr/G 

> , 

therefore ip is the desired counterexample to wPW on G. □ 
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3 Applications and Examples 



In this section we apply Theorem |21 to a variety of cases, and discuss the 
necessity of its assumptions. Unless otherwise stated, our standing assump- 
tions are: G is second countable, G and N <\G are of type I, with N regularly 
embedded. 

Corollary 7 Assume that the dual action ofG/N is free VN-almost every- 
where. Then G has wPW iff condition Q holds. 

Corollary 8 Let G he nonunimodular, and N = Ker(AG'). Then G has 
wPW iff ^ holds; in particular, if N has wPW. 

Proof. This is an immediate consequence of Corollary [71 which applies to 
this setting by [HI Section 5]. □ 
For split compact extensions the freeness of the operation turns out to 
be necessary also. Since a compact group has wPW iff it is trivial, the next 
theorem provides a class of extensions for which the conditions of Theorem 
121 are necessary and sufficient. 

Theorem 9 Assume that G = N xi K , with K compact. Then G has wPW 
iff condition ^ holds and the dual action ofG/N is free uj^j-almost every- 
where. 

Proof. The "if" -part is Corollary [3 For the "only-if'-part, necessity of © 
was noted in Theorem|21 We denote elements of G by pairs (n, k) N x K, 
and the conjugation action of K on N hy K x N 3 {k,n) i— > k.n. Define 
the little fixed groups as K.y = G-y H K; since G is a semidirect product, 
G^ = N X K^. 
We define 



Let us first show that S is a Borel subset of A^. For this purpose consider the 
space X of closed subgroups of K, endowed with the compact open topology. 
By (21 Proposition II. 2. 3], the stabilizer map N ^ X \s Borel. Moreover, 
the complement of S is nothing but the inverse image of the trivial subgroup 
under the stabiliser map, hence Borel. Thus S is Borel also. Assuming that 
z^Ar(S) > 0, we need to construct a 99 E LJf (G) such that (p vanishes on a 
set of positive measure. 

Let (/7o € LJf (iV) \ {0} with (^0 > be given, and let 



S = {7 E iV : i^^ / {1}} 
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which yields a nonzero element ip G L^(G). Next we show 

V7 G S , G \ {Ik,} : t^g.^Av) = (16) 

where 1k~, denotes the trivial representation of K^. 

Since G is a semidirect product, all Mackey obstructions are trivial. In 
addition, we can assume that all cross-sections arising below in fact map 
into K < G, i.e. '^{h) = {eN,^{h)) etc. Moreover, since K is compact all 
involved measures can be chosen invariant. In this setting the calculations 
from the proof of Theorem |21 yield that TTG.-f,aiy^) acts on h'^ [K / Ky;Tly'S)Ti.a-) 
via 



J K-, 



In order to prove that vanishes, it is enough to show for all ^, ^' that the 
map 

■ ^ ^ («(0-7) {{Ra{eii){h)-^a{i')-^'P) \n) ■ 

is constant on K^. Note first that by construction of f, and the fact that 
1?, a map into K that 

{{Ra{^Mh)'-^aii')-^'P) \n) (n) = V3l(n) 

is independent of ^, h, ^' and invariant under the action of K. Hence we 
obtain 

= («(0-7) i^pi) = 7 ivi) ■ 

Hence F^^^' is constant, and thus nc.'y^ai^) = 0. 
Hence, defining the Borel subset 

S = {vr G G : ^(vr) / 0} , 

we can use © and ifTH]) to estimate 

z^g(S) = / / Xs(7rG.7,<7)c^z^i^^(o-)f^(G.7) 

J N/G JK-, 



> I I XT,{T^G.-f,a)dvK-,{(r)dU{G.-i) 
JT,/G JKj 

> / l^KJK,\{lK,})dUiG.^) 
JT./G ^ ^ 



> 
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Here the last inequality is due to the fact that the integrand is strictly 
positive on Ti/N, and we assumed J^Ar(S) > 0. □ 
Applying the theorem to motion groups yields that G = M" xi SO{n) has 
wPW iff n < 2. 

Another extreme case is given by an almost everywhere trivial action of 
G/N on G. The following corollary also covers direct product groups. 

Corollary 10 Assume that G/N acts trivially V]\j-almost everywhere. If G 
has wPW, then N has wPW. Conversely, if both N and G/N have wPW, 
then so does G. 

Note that G/N need not have wPW, even if G does: Simply take G = M 
and N = Z. 

A result similar to the following is formulated for the so-called topological 
Paley-Wiener condition in Theorem 2.2]. 

Corollary 11 Suppose that G/N is abelian and compact- free. Assume in 
addition that either almost all Mackey obstructions vanish, or that G/N is 
compactly generated. Then, if condition holds, G has wP W. 

Proof. Let us first deal with the case of vanishing Mackey obstructions. 
Recall that G/N is compact-free iff it has no nontrivial compact subgroups. 
For abelian groups, this is equivalent to wPW by jl2l Theorem 3.2]. More- 
over, if G/N is compact-free, so are all its closed subgroups; in particular, 
the little fixed groups also have wPW. Hence Theorem |21 implies wPW for 
G. 

If G/N is compact-free and compactly generated, the structure theorem 
for LCA groups yields G/N = x Z^, and the little fixed groups have 
a similar structure. Hence Theorem |2l together with the next lemma yield 
that G has wPW. □ 

Lemma 12 Let G = R''x ll , and LO a type I multiplier on G. Then G has 
uj-wPW. 

Proof. We use the description of G^ given in We may assume that 
uj is normalised. Then the map 

h^:G^G , h^{x){y) = uj{x,y)uj{y,x) 

defines a continuous homomorphism. Denote the kernel of this homomor- 
phism by 5a;. lo is called totally skew if 5^^ is trivial. By [31 Theorem 3.1], 
we may then assume that uj is lifted from a totally skew cocycle loi of G/S^j. 
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Moreover, G/S^j = {vr}, and the mapping G 9 7 i— > 77r S is contin- 
uous and onto (also by [HI Theorem 3.1]). This map is constant on 5^, 
giving rise to a homeomorphism between G'^ and G/S^ ~ S^^. Moreover, 
the projective Plancherel measure can be chosen as the Haar measure on 
G/S^. To see this consider the unitary action of G on L^(G) defined by 
pointwise multiphcation, (M^/)(x) = j{x)f{x). Then it is straightforward 
to compute that on the (projective) Fourier transform side, G acts via shifts, 

(7i7r)(M^2/) = (717271-) (/) . 

On the other hand, since G is unimodular, there exists a choice of i^g,uj 
such that extends to a unitary equivalence 

Since we already know that the shifts on G/S^ yield unitary operators on 
'L?{G / ,dvG,uj)^ it follows that vg,uj is shiftinvariant. 

Now assume that / G L^(G) is such that p{f) = on a set of projective 
Plancherel measure zero. Then the map G 9 7 1-^ {l'^)if) &lso vanishes on 
a set of positive Plancherel measure. Pick an ONB {r]i)i^i of Then for 
all i,j £ I 

= {M{fH,Vj) 

l{x)f{x){-n{x)rii,r]j)dx , 

for all 7 in a set of positive measure. Hence wPW for G implies that 

= f{x){'K{x)rii,rjj) 

for all i,j I and almost all x G G. On the other hand, the fact that Tr{x) 
is unitary implies for all x G G that {7r{x)r]i,r]j) ^ for some pair 
Thus we obtain / = almost everywhere. □ 
We will next show that iterated application of Corollary ^2 allows to 
establish wPW for a large class of solvable Lie groups, thus extending the 
results from |15| 121 E El • In the following, the term "Lie group" is short- 
hand for simply connected, connected Lie group. We first start with an 
observation that is probably folklore, and which ensures that Corollarv 1111 
can be used iteratively. We include a proof since we could not obtain a 
reference. 
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Lemma 13 Let G be an exponential Lie group and N <\G a closed connected 
nilpotent normal subgroup. Then N is regularly embedded. 

Proof. Denote the Lie algebras of G,N by g,n, and by Ad^ and Ad^ the 
coadjoint actions of G and N respectively. 

G being exponential implies that g is a Q-module of exponential type 
under the adjoint action, which means that all roots of the g-module q have 
the form 

^'(X) = {l + ia)X{X) 

with A a real linear functional and q G M 4, Chap. I]. It follows that the 
submodule n is also of exponential type. Passing to the dual yields that n* is 
a Q- module of exponential type under the coadjoint action. Hence we obtain 
for the canonically induced coadjoint action Ad^ of G on n* = 0*/n^ that 
all G-orbits in n* are locally closed jlj Chap. I, Theoreme 3.8]. But then the 
orbit space n*/Ad^(G) is countably separated, by Glimm's Theorem (e.g., 
[U Chap. I, Remarque 3.9]). 
On the other hand, let 

K : n7Ad^(7V) ^ N 

denote the Kirillov map, which is a homeomorphism. Then it is straight- 
forward to check that k intertwines the action of Ad^ with the dual action, 
thus inducing a homeomorphism of orbit spaces 

n7Ad^(G) ^ N/G . 

Hence the right-hand side is countably separated, and N is regularly em- 
bedded. □ 
For the formulation of the next theorem recall that the nilradical N of a 
solvable Lie group G is defined as the maximal connected nilpotent normal 
subgroup of G. Hence < G is simply connected, with G/N = (21 
Chapter III]. Recall also that nilpotent, or more generally, exponential Lie 
groups are of type I ^Hl- A class R solvable Lie group is defined by the 
requirement that for all x G G and for all eigenvalues A of Ad(x), |x| = 1 
[2]. By contrast, exponential Lie groups are characterised by the property 
that no eigenvalue of any Ad(x) is purely imaginary [IJ Theoreme 2.1]. 

Theorem 14 Let G be a solvable Lie group, and let N <\ G denote the 
nilradical. Assume that G is type L and that N is regularly embedded. Then 
G has wPW. In particular, G has wPW if it is exponential, or if it is of 
class R and type L 
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Proof. wPW for is established by straightforward iterated application 
of Corollary 111! to a Jordan-Holder series of N, observing that normal sub- 
groups in nilpotent Lie groups are regularly embedded by Lemma [Ti^ More- 
over, G/N = M", and is type L Hence Corollary ^2 once again applies to 
yield wPW for G. 

Now if G is exponential, it is type I by ^Hl > and is regularly embedded 
by Lemma El If G is of type I and class R, is regularly embedded by [21 
Chapter HI, Theorem 1]. □ 

Corollary 15 If G is a solvable OCR Lie group, it has wPW. 

Proof. CCR groups are of type I, and solvable CCR Lie groups are in 
addition of class R Pl Chapter V, Theorem 1]. Hence the previous theorem 
applies. □ 
Let us next give a class of group extensions that fail to have wPW, 
namely those where the normal subgroup is (nontrivial and) compact. For 
this purpose, an alternative formulation of wPW, which has the additional 
advantage of applying also to the non-type I setting, is observed: 

Remark 16 If G is type I, then the following conditions are equivalent: 

(i) G has wPW. 

(ii) Every nonzero / € L^(G) is cyclic for the two-sided representation of 
G acting on L^(G). 

(iii) For all nonzero / E LJf'(G) and nonzero every two-sided invariant 
operator T on L'^{G), Tf ^ 0. 

(a) <4> (Hi) is (5j 1. 1. 4]. For (i) =^ (Hi) let / € L^(G) and let T denote a 
two-sided invariant operator. Under the Plancherel transform, 



for a certain Borel mapping m G L°°{G). If T ^ 0, m does not vanish 
identically. But then (i) implies that 



does not vanish identically, thus Tf ^ 0. For (iii) =^ (i) assume that / 
vanishes on a set S C A^ of positive Plancherel measure. Let P denote the 
projection defined by 




{Tfna) 



m{a)f{a) 
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Then P is two-sided invariant, nontrivial, but Pf = 0. 

Similar arguments apply to show that the following conditions are equiv- 
alent, for regularly embedded N <\G: 

(i) Condition © holds. 

(ii) Every nonzero / € L^(iV) is cyclic for the von-Neumann algebra 
generated by the two-sided representation of and the representation 
of G acting on L^(A^) by conjugation. 

(iii) For all nonzero / € L^(A^) and nonzero two-sided invariant operator 
T on L'^{N) commuting with the conjugation action of G, Tf ^ 0. 

□ 

Proposition 17 If G has wPW, it has no nontrivial compact normal sub- 
groups. 

Proof. Assume that K <i G is compact, and consider the subspace 

LliG) = {/ G L\G) : WkGK: f{xk) = /(x)} 

= {/ G L\G) : ykeK: f{kx) = f{x)} . 

It is easy to see that L|^(G) is closed and two-sided invariant. Moreover 
clearly Lj^iG) / L'^{G) and Lj^{G) n L~ / {0}. Hence G does not have 
wPW, by the previous remark. □ 
Proposition El in f^-ct follows from [121 Lemma 1.1], where it is stated 
for the topological Paley- Wiener condition. Note that the topological Paley- 
Wiener condition is weaker than wPW. jl2| Theorem 3.2] shows that for SIN 
groups, the two conditions coincide with the necessary condition derived in 
the previous proposition. 

Example 18 An example where condition © holds, but A^ does not have 
wPW is constructed as follows: Consider G = Qp xi , where Qp denotes the 
field of p-adic numbers, and its unit group acts by multiplication. Qp is 
self-dual, and the dual action of Qp is again by multiplication. In particular, 

Qp consists of the two dual orbits {0} (which has measure zero) and Qp . 
Moreover, the action of Qp on the large orbit is free. Hence Kleppner 
and Lipsman's theorem yields that the Plancherel measure is supported 
on a single point, and the wPW property is an immediate consequence of 
the Plancherel theorem. (Of course. Theorem [2 also applies, with both 
conditions trivially fulfilled.) 

On the other hand, Qp has the nontrivial compact subgroup Zp, hence 
Qp does not have wPW. □ 
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